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Abstract

This paper develops an integrated inventory model consisting of single-vendor and
multiple-buyer system. Here we consider two types of buyers. The First type of buyers is
using two warehouse inventory system with different deterioration and price discount is
allowed for all items. The second type of buyers is returning the unsold items after certain
time.The demand function is linear. This model provides an optimal solution for the total
annual cost of the vendor and the buyer. The numerical example is provided to illustrate
the model.
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1. Introduction

In the existing literature, most of the inventory model derives from the buyer’s point of
view. This optimal decision policy may not be advantageous in economic term for the
vendor. Thus, there is need to derive a joint policy which turns out to be a win-win strategy
for both. Most of the research article is derived from independent policy which is either
beneficial to vendor or buyer, but there are different views for different players and maybe
they did not accept it globally. Ina competitive global market, an integrated policy should
be developed when a decision is to be made which is favorable to both the players. Also,
the integrated inventory policy minimizes the overall integrated cost of the entire system.
[3]Clark and Scarf (1970) studied the vendor-buyer integration for the first time.
[2]Banerjee (1986) extended Clark and Scarf model by introducing finite replenishment
rate. [4]Goyal(1988) extended Banajee’s model by relaxing the assumptions of the lot-for-
lot production.[7]Nita H.Shah et al.2010 discussed joint vendor and buyer inventory
strategy for deteriorating items with salvage value and also extended single vendor and
multiple buyer on demand declining market. [8]Nita H.Shah et al.2013 derived joint
optimal policy for a variable deteriorating inventory system of vendor buyer.

Two-warehouse inventory concept for merchants is an age-old one. This is followed to
avoid frequent transportation inconvenience, to avail the advantage of price concession, to
guard the scarcity of the commodity, etc. Now-a-days, the two warehouse inventory
system has become more important due to prevailing volatile marketing condition and stiff
competitions among the gradually increasing national and international sellers. Some
research has already been performed in this field of study. [S]Hartely (1976) was the first
to consider the effects of a two-warehouse system model in an inventory model with an
RW storage policy. [10]Sarma (1983) developed a two-warehouse with constant demand.
[9]Pakkala and Achary (1994) conferred a two level storage inventory model for
deteriorating things with bulk unharness rule. [12]Yang (2004) extended partial
backlogging then compared the two-warehouse model supported the minimum price
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approach. [11]Wee et al.(2005) thought of a two-warehouse model with constant demand
and weibull distribution deterioration under inflation.[1]Ajay singh Yadav and Anupam
swami(2013)extended effect of permissible delay on two-warehouse inventory model for
deteriorating itemswith shortages. Jasvinder Karur et al. (2013) discussed an optimal
ordering policy for inventory model with non-instantaneous deteriorating items and stock
dependent demand.

In this paper, an integrated single vendor and multiple buyer inventory system for
deteriorating item is studied in which demand rate is decreasing function of time. Here we
consider two type of buyers. First buyer assumes that the demand rate as stock dependent
with two separate warehouses . When the stock level exceeds the capacity of the own
warehouse, a rented warehouse is used. The stock is transformed periodically in bulk from
RW to OW. The second buyer can return unsold items in a cycle time. The demand
function is linear. The price discount is allowed in this model. Finally numerical example
IS provided.

2. Assumptions and notations

2.1 Assumptions

1. Aninventory system of single vendor and multiple buyer is considered.

2. There is no replacement or repair of deteriorating items during the period under
consideration.
The deteriorating items are non-instantaneous in first case.
The unsold items are returned after certain time.
The inventory cost in the RW are higher than those in the OW.
The goods of OW are consumed only after consuming the goods kept in RW.
OW has a fixed capacity Wy; units and RW has unlimited capacity.
Shortages are not allowed.
The lead time is zero.

©CoOoNOO AW

2.2 Notations
The proposed model is derived using the following notations.

A,~- Vendors ordering cost per unit.

Apii -- Buyers ordering cost per unit(case 1).

Apyi -- Buyers ordering cost per unit(case 2).

D(t)1; —The demand rate which is linearly dependent on time, a;i(1-bait) a;;> 0, 0 < by;< 1.
D(t),;i —The demand rate which is linearly dependent on time, a,i(1-bait) axi> 0, 0 < byi< 1.
hy-- Vendors annual holding cost per time unit.

hpii-- Buyers annual holding cost per time unit.

hpai -- Buyers annual holding cost per time unit.

n -- Buyers order times during[0, T].

I,(t)- Vendor inventory level.

Ip1i (t)- Buyers inventory level (case 1).

Ih2i (t)- Buyers inventory level (case 2).

0 -- The deterioration rate for vendor.

a -- The deterioration rate for buyer in case 1.

B -- The deterioration rate for buyer in case 2.

T—The length of the order cycle.
Q.—The maximum inventory level of vendor.
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Qb1i—The maximum inventory level of buyer in case 1.

Qu2i—The maximum inventory level of buyer in case 2.

DC, —Vendors deteriorating cost per unit.

DCy1i--Buyer deteriorating cost per unit in case 1.

DCy.i-Buyer deteriorating cost per unit in case 2.

PC, — Vendors purchasing cost per unit.

PChpii--Buyer purchasing cost per unit in case 1.

PChpi--Buyer purchasing cost per unit in case 2.

M1 —The time at which the inventory level reaches zero in RW in two warehouse system.

t, --The unsold item are returned at the time.

TC, —The total cost of Vendor per time unit.

TChpaj - The total cost of all buyers per time unit in case 1.

TCh2i -The total cost of all buyers per time unit in case 2.

TC —The total cost for vendor-buyers inventory system when they take decision jointly.
3. Mathematical Model

Let lpi(t) be the on hand inventory level for buyer 1 (i=1,2,...... N) at any instant of time
0 <t < T,; and let I,(t) is inventory level for vendor at any instant of time 0 <t < T. As
the inventory reduces due to demand rate as well as deterioration rate during the interval
[0, T], the rate of change of inventory level is governed by the following differential
equation for vendor and buyer.

Qx
Vendors
Inventory
0 T Time
Fig 1
dl (t
A 61,(0) = Dy (®) + Dy (0] 0t
<T - (1)

With the boundary conditions and initial conditions are
[,(0) =Q, I(T) =0

The solutions of the differential equation is

N
() = (T -1t Z[““’(l —byT) +a;(1—byD]0<t<T ————— (2)

i=0
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N
QV = Tz[ali(l - bliT) + azl’(l - ble)] —_——— -
i=0

-3

The ordering cost is

0C, = 4,

-4

The holding cost is

HC,

HC,

= h,

Il
=
<

N N
T Tpe Tha
f L@dt = Y ny f s (Ot~ Y 7z f Ibm(t)dt] S
[0 i=0 0 =0 0

-

TZ
27 (au‘(l —by;T) +ay(1 — bZiT))

Whii _ _
— hps; § Ny [Qp1iky + 2 S(1— e™™) + Wy (e®tamia) — 1)
2 3
ajl ™ rHq aAqj Mo apibqily
12 (? - 1) - 71 (H1 = H2)?® — agibiiba by (u1 - 7) + %

Th1i” by; (1,° p® | byaTyy®
+ay; Tl (1 4 byipz) — ?l -t Tori® ) = Torikz + -t #

_ aTb1i4 + byjarp,? (H_zz _ Tb1i2> + ap,? (Tbli _ Q)

24 4 5 3 2 3 4
Qby2i _ byt
- thiZ Ny <Tl(1 — e Ptr) — ayt,” (3 - 21 -

)

b2i .
(1- eﬁ(tr—szo)>
B

Tpai
+ a,i Ty (tr - l) ((1 - bZitI‘)) +

The deteriorating cost is

DC, = P,0

N N
T Tp1 Th2

j [,(Ddt — Z LT J Ipi(Ddt — Z Ny f IbZi(t)dt] —-—— ==
0 i=0 0 i=0 0

- (6)
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N
TZ
DC, = B0 Z > (ay;(1 = by;T) + az;(1 — by T))
i=1
Whii _ _ aqj
= R0 ) gy [ (1 = €7 ) Wy (et — 1) = Ty — )2
Mo a1'b1'1113
—aibqipi My (H1 - 7) + %
ban Tori®  oTori®  baiTosi” N byiaTyy® b (& B M)
ol 6 40 8 48 2\3 2

T2 — ——
2 \4 5 bii 2 4 4 6

Qo2 - byt
- BPbZIZ Ny <721(1 —e ﬁtr) — aZitrz (3 _ 221 I'>

VVEZi (1 — eﬁ(tr_szi))>

+ ap,* (Tbli _ &) N byip,? < 2 U22> _ byjap,* <h2 _ E)

Tpai
+ a,i T2 (tr - Tl) ((1 - bzitr)) +

The purchasing cost is
PCy = By Qu = ) 13s Quai(Bont — 02Phs1) = gy QuaiPoa ———-
-

Based on order quantity and predetermined order quantity we have the following two cases
1) Qp1i > 0Qf 2) Qp2i <Qf

3.1 Case: 1Qp1; > Qf

Here the deteriorating items are available, but different deterioration in the cycle time (0,
T). At time t=0 a lot size of Qpunit enters the system.During the inventory [0, 4], the
inventory level are positive at RW and OW are decreasing only owing to stock dependent
demand rate.In RW, during (Ui, T) the inventory is depleted due to both demand and
deterioration, until it reaches zero level at time t=T. During the interval (i, H12) inventory
depletes due to deterioration at rate a. During the interval (u, T) inventory depletes due to
deterioration at the rate of at. The differential equation which describes the instantaneous
states of Ip3i (t) in RW and OW respectively, over the period (0, T) are given by

dlpyi(t)

T —D,;(t) 0<t
G T @

It + alp(t) =0 0<t
| 0TI ®

It + alp; () = -Dyi(OW, <t<p, — ——=—=—— (10)
dlb;t(t) +oatly () =Dy, <t<Tyy = 00————-— (11)
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lei

Wi

Buyvers
Inventory

0 m, P vy Time
Fig 2

With initial conditions  1,1;(0) = Qp14, 1p1i(0) = Whyy, Ipai(ke) = aWhyy, Ip1i(Tp1i) =
0 solutions of these equations are given by

tZ
Ip1i(D) = —ay; <t — by; 7) + Qpai 0<t
%t T (12)

Ip1i () = Wyye™ O<t=pw, === == (13)
Ip1i(0) = [ag (s —O)(A - b11#1)] + aWpye “(“1‘% st=sp,  ————-— (14)
Ip1i(D) = ay; [(Tbn t) —— (Tbn - tz)] T St<Tpy - ———— (15)

b u
lei=Wb1i+ali[|vl1_ 1121 l -~
— (16)
The ordering cost isOCyq; = Y oyngdpy —————
(17)
The holding cost iSHCpy; = hyyi Zny; [, Lpyi(Ddt — —————
(18)

Wh1i _ _
HCpyi = hb1iz Ny | Qpaiks + - “ (1 — e™%H1) 4+ Wyyyi(e@Waha) — 1)

n a1izu1 (ﬁ . 1)

M2 a1ib11l113
3 )t

as;
21 (1y — Ilz)2 — ayibgig Uy (Il1 ) >

Tb1 byi (1 Mo® | byiaTyy”
+ag| — (1+buy) - <2 + Tori” | = Toaible +—=+——55—

Ty N buapy® (12?  Toyi” N ap,’ (Tbli B Q)
24 4 5 3 2 3 4

The deteriorating cost is
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Hq Mo Tpai
DChys = Poss iy [ | atde+ [ at@de | octlbu(t)dt] ———-
0 M1 H2
- (19)

Wh i
a

a .
DCpqi = l)b1i‘~"iz: Ny (1—e 1)+ Wbli(ea(ul_HZ) - 1) - %(M — )2
M2 a1iblilil3
DT
Tp1;” _ aTps;” _ by Ty " byiaTys;° 42 (ﬁ _ Tbli)
6 40 8 48 2\3 2

— agibgily Hy (H1 -

+ dqj

4 ap,” (Tbli B &) N byin,? T.2_ B2\ briaw* (Toy®  po?
2 \4 5 b 4 4 6
The purchase cost is

PCpyi = z i Qp1i(Po1i — 0.2Pyy;) - -
— (20)

3.2 Case:ll Qp2i < Qf
The initial inventory level is Qpyunit at time t=0. From t=0 to t=T the inventory level
reduces, owing to both demand and deterioration.At time t=t, the unsold items are
returned, again inventory level deceases due to demand and deterioration until it reaches
zero level at timet=T. The rate of change of the inventory during the positive stock period
(0, T) is governed by the following differential equations:

Time

Fig 3

dlp; ()
dt

+ Blp2i (1) = =Dy (D) 0<t
<t === (21)
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dly,,; (1)
S Bl = Dyt St<T === (22)

Thus, boundary conditions are a follows

Ip2i(0) = Qpzi Ip2i (tr) = Wiz, Ip(Tpzi) = 0
The solution of equations ---- and ----- with boundary conditions as follows

Ip2i(D) = —ayt + Qpyie Pt 0<t
<t, (23)
Ipai(t) = agi(ty — (1 — byity) + WypeP &0t <t < Ty, ————— (24)
Wh2i = [a2¢(Tpz; — tr) (1 = byt,)]eFToz=tr) ———-
—(25)
Qpzi = [a2i(Tpzi — t) (1 — byit,)]ePTr2i + ayt ePhr -— ==
— (26)

The ordering cost is

OCpai = Z N2iApai -
— (27)
The holding cost is

Thai
0
—(28)

Qbz;i _ byt
HCpyi = thiZ Ny; < B - (1—ePrr) —ayt,? (3 - 21 r)

WbZi (1 — eﬁ(tr_szi))>

Tpai
+ a,i Ty (tr R l) ((1 - bZitr)) +
The deterioration cost is

Tpai
DCpyi = sziz ny; U Blbzi(t)dtl S
0
—(29)

QbZ' _ bzt
DCpzi = prziz Ny <—1 (1 —e ﬁtr) — azitrz (3 — Zl r)

B
Th. -
+ a5i Tho; (tr - %) ((1=byty)) + (1- eﬁ(fr—szi))>

The purchase cost is

PChai = Z N2 Qp2iPo2i - =
—(30)
Hence, the vendors total cost TC, per unit time is

Whai

1
TCV:T[OCV+HCV+DCV+PCV] - - -
- (1)
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N
1 T?
TC, = =4y +hy | ) (@11 = by + azi(1 = b))

i=0

Whi1i

— hpa; Z ny; [Qp1iky + (1 —e™"H1) + Wy (e®(aH2) — 1)

2
a .
n 1iM1 (li1

ajj M2 31'b1'l113
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2 2 2
Tb1 b st lizz b1'0—’Tb1'5
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. byt
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Wy 1 a
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M2 a1'b1'L113
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6 40 8 ag 37

+ dqj

Lo’ (Tbli B Q) LDuit® (5 W) buaw® (MToi® o’
2 \4 5 bii 4 4 6

Qo2 - byt
- BPbZIZ Ny <721(1 —e lBtT‘) — aZitrz (3 _ 221 I‘>

Tp2i Whyai I
+ a5 Tyy; (tr - Tl) ((1 = byity)) + 3 L (1—efltr TbZL)) +P, %0,

- Z Nyi Qp1i(Po1; — 0.2Pyy5) — Z N2; Qp2iPoai

The Buyers total cost TCpi;and TCpiper unit time is

1
TChai = _Tb . [0Ch1; + HCp1j + DCphyj + PCpyi] -~
1i

- (D
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1
TChai = =—[0Cpzi + HCp2; + DCha; + PCpail -—— ==
—(32)

N

1
TCh1i = = z Ny Api;

i=1

Wi
+ hps; Z ny; [Qp1iky + 211 (1 — e ™) + Wyy(e®taH2) — 1)

aify (H31 1) dqj Hz) +alib1ill13

2 - (H1 - Hz) —ayibgig Hp (H1 - 7 )

Tb1 by; Hz Hz bl'aTbl's
+ ay _l (1 + byjpp) — < ) + Tb11 — Tpaikz + T + #

24 4 \'s5 2 U3 4

aTb1i4 b1ial123 sz Tb1i2 auz3 To1i M2
B * 5 3 )"

Wy 1 aqi
+ Pbliaz ng; ;11 (1 — ™) + Wiy (e®1h2) — 1) — % (g — pp)?

M2 a1'b1'H13
—agibgily My (H1 - 7) + %

Tp1i” _ aTps;” _ by Ty " byiaTys;® 42 (& _ Tbli)
6 40 8 28 M3 T2

+ dqj

+“H24(Tb1i_&)+b11l12 T _H_zz _b1iallz4 Tb1i2_HL2
2 \4 5 4 b1i” 2 4 4 6

+ 2 Ny; Qp1i (Po1i — 0.2Pyy;)

1
e Z N2iAp2i

b,;t
+ hpa; Z Naj (Qb21 (1 - _ﬁtr) — Aily (3 - 221 r)
+ a2 Ty (tr - %) ((1=byt)) + ;Zi (1- eﬁ(tT_TbZi))>

b,;t
+ przi Z Ny (QbZI (1 _ﬁtr) — azitrz (3 —_ %)

+321Tb21(t _£> ((1=byty)) + Wai (1 ehtr= Tbm)))

+ 2 Ny QbZinZi‘
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The optimum value of cycle time Ty, Thoi, N1i and npican be obtained by following
necessary condition.
dTCpy; dTCpy;

dTpy;  dTyy

= 0 _____ (33)

N
dTCpy; _ 1 Zn A
= - 1ip1
Whrs
+ hypq; Z Nyj <Qb1iH1 + 211 (1—e 1)+ Wbli(ea(ul_HZ) - 1)
2 3
ajl” rUq ajj M2 apibqily
+ IT(? - 1) - 71011 — H2)? — aibaiti o (IJ-l - 7) + %

_ a1ib1iH23 a1iH22 alibnaHZS _ a1104124
3 2 20 8

Wi a4
+ Pbliaz Ny < ;h (1—e 1)+ an(ea(ul_uZ) - 1) - % (1 — p1p)?

H2 a;ibym®  ann®  agnap’  agbgut
_a1ib1ilvl1l12(lvl1_7)+ — : - —

) + ) 1y Qo (P 0.2Pb1i)]

2 3 + 10 8
a1ib1iafllz6

24
+ h z Nyiaas (1 + bliuz) _ Tblibli n 2b1iaTb113 _ bliau23
b1i 1id1i ) 3 1c 5
Tori @Tpsi®  3byiThri®  SbyaTpy’  byjpy?
+ Pbli(xz nliali < 3 1 _ 10 1 _ 18 1 + 14‘8 i n 14

_ b110‘l124
16

dTCbZi _ 1 [Z 4
dt - Tb2i2 NyiApoi

i byt  Wpyo;
+ Z Ny; (hyzi + BPyai) (Q% (1 - e_ﬁtr) — ayt,? (3 - 2_l> + bm)

2 B
+ Z Ny QbZinZi]
Whai

a .
+ 2 ny;(hpyi + BPhai) ( 5 (1 — ePr=Tr2d) — % 1- bzitr))

And TC (n-1) > TC (n) > TC (n+1), ——

—(34)

The total cost considering joint decision TC is

TC=Min (TCin+TCyi+TC,), Where TCpy; = ~——, TCpy; =
1i

4. Numerical Example
Following numerical example will illustrate the model
The values of the various parameters in proper units can be taken as follows:
=450, a,=800, bli:O.S, b2i20.08, |J.1:0.10, |J.2:0.15, A,=1000, A;=200,
Api=200, t=0.085, 0=0.15, p=0.08, 6=0.1, h,=0.15, hy;;=0.50, h,2=0.80, P,=10,
Pbli:13, Pb2i=14-
The optimal value of nj=3, T=0.90, and TC=84414.42.

T

Nai
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5. Conclusion
In this paper, we have developed a single vendor and multiple buyer’s inventory
model for single items.Unequal sized shipment under deterministic demand, and
different deterioration rate of units in the vendor buyer inventory system is
considered. The joint total cost of the vendor-buyer is derived and a solution
procedure is provided to find the optimal solution that can minimize the joint total
cost.
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